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The effect of personnel or operator allocation on batch plant scheduling is presented.
The main challenge in dealing with operator allocation is the fact that operators tend to
be more qualitative than quantitative, which renders traditional mathematical techniques
inadequate. The scheduling model presented in this article takes into consideration the
competency of selected and allocated operators. Also presented in this article is a new
planning model to determine optimal scheduling time horizons on normal and penalized
(holiday or weekend) days, concomitant with the corresponding shift patterns. The
difference in basic and overtime payment is taken into account to determine the length of
working time of each operator on a given day. Associated with the length of working time
is the appropriate shift pattern, given that very long hours may justify more than one shift.
The resultant integrated planning and scheduling model is decomposed by exploiting its
block angular structure. © 2004 American Institute of Chemical Engineers AIChE J, 50:
999-1016, 2004
Keywords: scheduling time horizon, operator allocation, plant performance, shift pattern

Impact of Personnel Allocation on Deterministic

Introduction

The problem of batch-process scheduling has been around
for more than 25 years. In simple terms, the problem concerns
the determination of an optimal sequence of tasks in a given set
of resources, with a view to satisfy a specific performance
index. The latter could be minimization of makespan or max-
imization of profit, for instance. In its evolution, the problem of
batch-process scheduling has assumed various forms. The ini-
tial mathematical formulations were mixed integer nonlinear
programming (MINLP) models for which global optimality
could not be readily guaranteed. Among these are formulations
of Sparrow et al. (1975), Grossmann and Sargent (1979), and
Suhami and Mah (1982). To ensure global optimality, Kondili
et al. (1993) proposed a mixed integer linear programming
(MILP) formulation that was based on discretization of time
horizon into equal time intervals. The major drawback of this
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formulation is that accuracy depends on the chosen length of
each time interval, which might require a large number of
binary variables for some problems. As a result of this draw-
back, recent work has focused on developing continuous time
formulations (Ierapetritou and Floudas, 1998; Majozi and Zhu,
2001; Mockus and Reklaitis, 1997; Pinto and Grossmann,
1995; Schilling and Pantelides, 1996; Zhang and Sargent,
1994). Moreover, advances in the field of batch process sched-
uling have shown that this problem is better addressed in
conjunction with production planning (Bassett et al., 1996;
Orcun et al., 2001; Rodrigues et al., 2000; Subrahmanyam et
al., 1996; Zhu and Majozi, 2001). However, all these develop-
ments have either inadequately addressed or completely ig-
nored some of the intrinsic features of batch operations.

The performance of batch chemical processes is dependent
on a variety of issues emanating from a cohort of uncertainties
that are intrinsic in batch operations. Although most of these
uncertainties are quantitative in nature (such as purity of raw
materials, activity or age of catalyst, temperature and pressure
profiles), some tend to be qualitative. Most imperative among
the latter is the quality of the operators allocated to individual
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plants. Human intervention in batch chemical plants is one of
the significant causes for variations in plant performance by
different crews (Weaver and Bauman, 1984). This evolves
from differences in expertise, experience, and skills, for exam-
ple. Lengthy time horizons required by production plans de-
mand that some plants have to operate more shifts than one,
and each shift requires a different crew—thus the variations in
plant performance. In their recent publication, Orgun et al.
(2001) highlight the effect of different operator skills on plan-
ning and scheduling. Their approach is based on modular
representation of operations, where an operation (module) is
composed of several operators performing the same task. In the
context of their methodology, operators refer to both equip-
ment and personnel. The generality of the formulation allows
variations in performance for the operators within the same
module. However, the performance of each operator is fixed
throughout the planning and scheduling time horizon. As a
result, the issue of different crews employed in a given oper-
ation within the planning and scheduling time horizon, which
culminates in different performances for the same equipment,
is completely overlooked. Another challenge in dealing with
operators arises from the fact that the qualitative features that
tend to adequately characterize operator performance (such as
age, skill, expertise, health, and so on) cannot be easily put into
mathematical equations. In the face of this situation, production
planners and schedulers resort to heuristic procedures, with
more emphasis on feasibility than optimality (Rodrigues et al.,
2000). Although it cannot be argued that operator performance
has an impact on the overall plant performance (Honkomp et
al., 2000; Shobrys and White, 2000), almost all the work on
planning and scheduling, which has gained much popularity in
the last decade, has completely ignored this issue.

In this article, the interaction between the quality of the
operators and the structure of the operation schedule is ex-
plored. This concept is motivated by the fact that the operation
schedule is dependent on the performance of unit operations,
which is in turn influenced by the quality of operators as
mentioned earlier. Complication on this issue arises from es-
tablishing an ideal match between what the plant requires and
operator capabilities. A method to establish this match involves
the determination of the grades of each operator and the grade
required in each plant using fuzzy set theory as presented by
Majozi and Zhu (2004). There are two types of days: normal
and penalized. In the context of this article, a day that is not a
holiday or weekend is classified as normal; otherwise, the day
is classified as penalized. Moreover, the issue of remuneration
rates has an impact on the length of time worked on a given
day. Although favorable for production, long hours might
justify overtime, which is concomitant with high remuneration
rates. This might not be financially viable. To avoid this, a
concept of two- and three-shift patterns is usually adopted. This
concept is also motivated by the fact that work regulations
(labor laws) prevalent in each country usually set a limit on the
length of overtime allowed per day. Also embedded within the
issue of remuneration rates is the optimal number of operators.
In this era of industrial downsizing, emphasis on zero redun-
dancy, which is congruent to the optimal number of operators,
has surfaced as one of the most prominent issues. In this regard,
there certainly is a need for the development of a technically
justified procedure for the selection of required and rejection of
redundant personnel. The concern about the optimal number of
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operators presents further challenges. First, the selection and
allocation of operators is usually treated as a planning decision,
whereas the optimal number of operators in batch operations is
dependent on the number of active units according to the
production schedule. Therefore, an overall optimal number of
operators can be achieved only by integrating the planning and
scheduling levels. Second, the determination of the optimal
number of personnel is affected by personnel scheduling. The
latter is one of the classic problems in operations research
known as the labor tour scheduling problem, concerned with
the assignment of personnel to individual unit operations with-
out violating legal requirements, which includes the number of
hours worked by each operator over the entire planning time
horizon, number of days off, number of part-time and full-time
employees, and so forth. This concept is beyond the scope of
the material presented in this article. It is worthy of mention,
however, that even tour scheduling problems are usually based
on the assumption that duties to be performed by personnel are
available throughout the planning or scheduling time horizon
(Ashley, 1995; Aykin, 2000; Beaumont, 1997; Brusco and
Johns, 1996; Lagodimos and Leopoulos, 2000; Lin et al.,
2000). This renders them more appropriate to continuous than
batch operations.

All the issues raised in the foregoing discussion inspired the
content of the material presented in this article. A novel plan-
ning model that determines the optimal scheduling time hori-
zons for any given plant on normal and penalized days is
developed. Together with the optimal scheduling time horizons
are the optimal shift patterns and optimal allocation of opera-
tors and raw materials to individual plants. The integration of
this model with the scheduling models for individual plants
through the exploitation of the block angular structure, exhib-
ited by most integrated planning and scheduling models (Zhu
and Majozi, 2001), ensures an overall optimal number of
operators. The planning model is initially formulated as an
MINLP with nonlinearities arising from the bilinear terms in
the cost constraints. These are linearized using known mathe-
matical techniques to yield and MILP model.

Problem Statement

In the context of this article, an integrated planning and
scheduling problem can be stated as follows. Given:

(1) rank or grade of each operator and the available number
to choose from (selection pool),

(2) the number of available plants and the rank or grade
required in each plant,

(3) baseline/overtime remuneration for each operator on
normal and penalized days,

(4) number of operators required in each stage/unit of the
given plants,

(5) the cost of raw materials and product selling price,

(6) effluent and waste disposal costs,

(7) stoichiometric relations between raw materials and prod-
ucts,

(8) the production recipe for each product, including mean
processing times in each unit operation,

(9) the available units and their capacities,

(10) the maximum storage capacity for each material, and

(11) the number of penalized and normal days over the
planning time horizon of interest,
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determine:

(1) the optimal number of operators in each plant,

(2) the optimal allocation of operators to different plants,

(3) the length of scheduling time horizon on normal and
penalized days,

(4) the appropriate shift pattern in each plant on normal and
penalized days,

(5) the personnel requirement in each plant at each point
along the scheduling time horizon,

(6) raw material requirement on normal and penalized days,

(7) product throughput on normal and penalized days for
maximum profit,

(8) the optimal schedule for tasks within the time horizon of
interest,

(9) the amount of material processed at any particular point
in time within the scheduling time horizon, and

(10) the amount delivered to customers over the scheduling
time horizon.

Mathematical Model

Before delving into details of the mathematical formulation,
it is worth elaborating on the assumptions made in this article.
These relate mainly to scheduling time horizon and shift pat-
terns, determined at the planning level. On any given day each
operator is allowed to work only one shift, which spans a
maximum of 12 h. This corresponds to maximum regular-time
(baseline) and overtime of 8 and 4 h, respectively. Therefore, if
a given shift requires more than 8 h, any time beyond 8 h is
treated as overtime, and should not exceed 4 h. If a particular
plant requires a scheduling time horizon of more than 12 h on
a given day (normal or penalized), then a two- or three-shift
pattern has to be selected, depending on whether the shift ends
before or after 16 h, respectively. However, even a three-shift
pattern should not exceed 24 h. Also, the length of individual
shifts corresponding to two- and three-shift patterns is equal.
For example, if an optimal scheduling time horizon is 14 h,
then each of the corresponding shifts will span over 7 h.
Depending on optimality, scheduling time horizons of exactly
12 and 16 h can either correspond to single or two-shift and
two- or three-shift patterns, respectively. In a situation where
the scheduling time horizon is 12 h, it should be noted that
employing few people, and remunerating them for overtime, as
required by the single-shift pattern, could be more (less) ex-
pensive than employing more people in a two-shift pattern
(each spanning over 6 h) without overtime. The same argument
also holds in a situation where the scheduling time horizon is
16 h and the choice has to be made between two- and three-
shift patterns. It has also been assumed that the minimum and
maximum grades for the operators are 8 and 18, respectively,
with remuneration increasing linearly with the grade. It is
worth mentioning at this stage that different grading schemes
will have different grade-to-remuneration correspondence.
However, this issue is no cause for concern because these are
provided as parameters in the planning model.

The features of the planning model presented by Zhu and
Majozi (2001) still hold in this article. For the uninitiated, these
relate to raw materials, products, and by-products. Below a
specific amount, raw materials are available at a standard cost.
Beyond this amount, penalties are imposed, which is a common
encounter where a new supplier has to be approached to meet
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an unexpected surge in demand. Moreover, any raw material
can be shared by different plants. Because the manufacture of
most products involves by-product formation, this model also
includes by-product disposal costs. This cost is accompanied
by penalties when by-product production exceeds a stipulated
amount, as commonly encountered in industries that produce
highly toxic material. These penalties, which are usually en-
acted by local or national authorities, provide a motive to
discourage excess production of toxic material. Also, each
product is characteristic of a particular process, as usually
encountered in high value products, as a means of ensuring
product integrity. However, as the distinct feature of multipur-
pose batch plants, different batches of the same product can
follow different routes within the same process.

The overall mathematical model entails both planning and
scheduling models as detailed below. The mathematical sym-
bols used are described in the nomenclature.

Planning Model

Although the planning model presented in this section is
novel, some of its features are very similar to the model
presented by Zhu and Majozi (2001). It should be noted that the
expressions corresponding to normal and penalized days have
been separated throughout the planning model. Although this
makes the model look complicated, it certainly improves com-
putational performance by avoiding tri-index binary variables.

Raw material availability constraints

Wis,) — W(s,) =R(s;) VY s, ES, (1)
> owish) =Ws,) VYV s,ES, )

k
W (s,)=R'(s;) ¥V s,€ES, 3)

w(st,) = wn(s}, ) Dn(k) + wp(s;, ) Dp(k)
Vs, ES L KEK 4

in,k

W' (s;,) = 0, Wisi,) = 0, w(sj, ) =0,
Wn(syn,k) = 07 Wp(sfn,k) = O (5)

Constraint 1 states that the amount of raw material s;, available
at standard price is the difference between the overall amount
used and the amount available at penalized cost. Constraint 2
denotes that the overall amount of raw material s;, used is the
sum of all the amounts of raw material s, used in different
processes k. Constraint 3 sets an upper bound on the amount
available at penalized cost. In this article, the upper bound on
the amount of penalized raw materials is arbitrarily chosen as
a very large number. Constraint 4 states that the overall amount
of raw material used over the entire planning time horizon is
the sum of the amounts used on normal and penalized days.
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Product constraints

W(Sglmk) = wn(SZL,,,k) Dn(k) + wp(s;{u,,k) Dp(k)
V S;J)ut,k € ng,k, k (S K (6)

Wn(sZut,k) = WnU(Siur,k) V SZut,k S SZut,k’ k €K (7)

WP(SZm,k) = WpU(sﬁut,k) V Siut,k € Sgur,k’ ke kK (8)

wn(s?, ) = Grad(k) 2, Hn(k, 1) + Yin(k) 2., sn(k, 1)

IEL leL

V 58 €St kEK (9)

wpU(st,..) = Grad(k) >, Hp(k, 1) + Yin(k) >, sp(k, [)

IEL 1EL

V 594 € Sour kEK  (10)

Wn(sZut,k) = WnL(SZut.k) 2 Sn(k9 l)
IEL

V SZut,k E S‘olm,k’ k E K (1 1)

Wp(sf)lut,k) = WpL(SZlut,k) 2 Sp(k7 l)

IEL

d d
V Sout,k € S

out,k>

kEK (12)
W(sgut,k) = 0’ W(sZut,k)9 Wn(sZuL,k) = O’ Wp(sf)lut,k) = O (1 3)

Constraint 6 states that the amount of product produced over
the planning time horizon is the sum of the amounts produced
on normal and penalized days. There is always an upper bound
on the amount that can be produced per day, depending on unit
capacities and time horizons on normal and penalized days, as
represented by constraints 7 and 8, respectively. Constraints 9
and 10 relate the upper bounds on production for normal and
penalized days to corresponding time horizons. These equa-
tions are derived from regression analysis. It was realized that
for all the problems considered, production throughput in-
creased linearly with the time horizon. This is demonstrated
later in this article. However, the universality of this linearity
has not been proven yet. According to constraints 11 and 12,
there is a lower bound on the amount of product that can be
produced on a particular day. Collectively, constraints 9 and 10
and constraints 11 and 12 ensure that, if no shift pattern is
selected for a particular plant on any particular day, then the
plant should not operate on that particular day.

By-product constraints

W(Sﬁut) - W’ (Sf:ut) = B(Sgut) V s(b)uf E Sﬁut (14)

Z W(Sgut,k) = W(sgut) V sZur € Sﬁut (15)

k

W’ (Sﬁut) = B,(ng) V S(blut E Sﬁut (16)
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W(sZut,k) = Wn(sZut,k) Dn(k) + Wp(sl;ul,k) Dp(k)
V Sﬁut,k e S[;m,k’ k E K (17)

W(Sgut) = 05 W,(Szut) = 0’ W(Sgut,k) = 0 (18)

The explanation for constraints 14 to 17 is similar to that for
constraints 1 to 4.

Stoichiometric constraints

Blstun) = 0™
Wn(sout,k)

V k S K? szut,k € SZut,k’ szul,k S S:)lut,k (19)
B(Sb ) _ Wp(sfiut,k)
T wp(Sou)

V k S K7 Sﬁut,k € Sgul,k’ sd k € Szut,k (20)

out,

a(an,k)<wn(Sfm,k) + 2 Wn(SZ,t,k)) = wa(sj, ),

3
Soutk

V k E K7 S;z,k E S;z,h Szw,k E S‘n’ut,k’ Sﬁur,k E Szm‘,k (21)

a(s;n,k)(wp(slaiut,k) + 2 Wp(sﬁut,k)) = WP(S;n,k)’

Soutk

V k E K7 S?n,k E S?n,k? Szut,k E S:)[m,k, Szur,k E Sﬁut,k (22)

Constraints 19 and 20 are the stoichiometric relationships be-
tween the amount of product sfm,’k produced and the corre-
sponding by-product sﬁm,k produced from plant £ on normal
and penalized days, respectively. Constraints 21 and 22 are the
stoichiometric relationships between the amount of raw mate-
rial 57, , used in process k and the overall output, including both
product and related by-products from process k on normal and
penalized days, respectively.

Scheduling time horizon and shift pattern constraints

Hn*(I)sn(k, 1) = Hn(k, 1) = HnY(l)sn(k, 1)
keK,leL (23

Hn(k, 1) = Hn""sn(k, 1) + Ovtn(k) ke K (24)
0 = Owutn(k) = [HnY(1) — Hn""Isn(k, 1) kEK
(25)

Hn(k, 1) = Hn*(l)sn(k, ) + Varn(k, )
keK,[=23,leL (26)

0 = Varn(k, 1) = [HnY(l) — Hn*(1)]sn(k, 1)
kEK 1=231€L (27)
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Single shift

e ¥ o :
A
0 Hn®” HnY(1)=12

Figure 1. Single-shift pattern representation.

> osnlk, 1) =1

lEL

ke K (28)

Hp*(l)sp(k, 1) = Hp(k, 1) = HpY(l)sp(k, [)
KEK, IEL (29)

Hp(k, 1) = Hp”sp(k, 1) + Ovip(k) ke K (30)

Hp(k, 1) = Hp"()sp(k, 1) + Varp(k, )
kEK,1=23,1€L (1)

0 =< Outp(k) = [HpY(1) — Hp*"]sp(k, 1) kEK

(32)

0= Varp(k, 1) = [HpY(l) — Hp“(1)]sp(k, I)
KEK, 1=2,3,1EL (33)

> splk, 1) =1 kEK (34)
IEL
sn(k, 1), sp(k, 1) = 0/1 (335)

Constraints 23 to 28 and 29 to 34 correspond to normal day and
penalized day time horizons, respectively. Constraint 23 sets
upper and lower bounds on the normal day time horizon.
Constraint 24 states that the time horizon corresponding to a
single-shift pattern constitutes baseline time and overtime.
Constraint 25 states that the upper bound on the length of
overtime in any particular plant (k) is the difference between
the maximum length of the single-shift pattern and baseline
time. Otherwise, the time horizon is composed of the minimum
length and variable time, as given in constraint 26. The upper
bound on variable time is the difference between the maximum
and the minimum length of the corresponding shift pattern, as
shown in constraint 27. According to constraint 28, at most one
shift pattern can be allocated to a particular plant on a normal
day. This implies that a plant can operate only on a single-shift,
two-shift, or three-shift pattern on any normal day. Constraints
29 to 34 are congruent to constraints 23 to 28.

Figures 1, 2, and 3 represent single-, two-, and three-shift

. Tn(f1,k)
f«— Shift 1 ————»<¢——— Shift 2—>E

S

|
0 Hnt(2)=HnY(1)=12  HnY(2)=16

Tn(f2,k)

Figure 2. Two-shift pattern representation.
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, Tn(f1,k) Tn(f2,k)

< Shift 1>« Shift 2—»<«— Shift 3—»"

Tn(f3,k)

| -
0 Hn'(3)=HnY(2)=16  Hn"(3)=24

t 1
¢ 1
-t 1 i

Figure 3. Three-shift pattern representation.

patterns, respectively. In the context of this article, the maxi-
mum length of a single-shift pattern has been chosen as 12 h.
The latter also corresponds to the minimum length of a two-
shift pattern for which the maximum length has been chosen as
16 h. The minimum and maximum lengths for the three-shift
pattern are 16 and 24 h, respectively.

Allocation constraints

xn(o, k)[G(k) — G'(0)] + én" (0, k) — én"(0, k) =0
keK,oe O (36)

xp(o, K)[G(k) — G’ (0)] + dp~ (0, k) — 8p™(0, k) =0
kEK 0€E0 (37)

> xn(o, k) = Nn"(k) k€K (38)
0€EO0
> xplo, k) = Np’(k) kEK (39)

0€0

Nn?(k) = Y, On(k, 1)sn(k, 1) kEK (40
IEL
NpP(k) = >, Op(k, 1)sp(k, 1) kEK (41)
IEL
> xn(o, k) =1 0E O (42)
kEK
> xplo, k) =1 0€E O (43)
kEK

dn*(o, k), dn" (o, k), dp* (o, k), p~(0, k) =0  (44)
xn(o, k), xp(o, k) = 0/1 (45)

Constraints 36 and 37 use slack variables to provide for devi-
ation between the rank required in plant k and the rank of a
particular operator o. The ultimate goal is to maximize the
slack variables providing for negative deviation, which is sim-
ilar to selecting high-grade operators, thereby maximizing
plant performance. It is worthy of note that there is an allow-
ance for one operator to work in different plants, depending on
whether it is a normal or penalized day. Constraints 38 and 39
state that the number of operators allocated to each plant should
be equal to the number required in each plant on normal and
penalized days, respectively. The number of operators required
in each plant is obtained according to constraints 40 and 41 for

1003



normal and penalized days, respectively. On(k, [) and Op(k, I)
are obtained from the solution of the scheduling models, and
used in these constraints as parameters. However, for the initial
solution (that is, before solving the scheduling models), the
number of operators required in a particular plant k for a
particular shift pattern / is based on the operator requirement
for each unit. This is explained further in subsequent sections
of this article. Constraints 42 and 43 state that each operator
can be allocated at most to only one plant on a given day. This
implies that in a given selection pool, some of the operators
might be omitted, as long as the operator requirement for each
plant is met.

Cost constraints

Single-Shift Pattern

SPC(k, 1) = {Hn‘"’sn(k, 1) E Rem(o, m1)xn(o, k)

0E€E0

+ Outn(k) z Rem(o, m2) xn(o, k)

0€0

Dn(k)

0€0

+ [Hp””sp(k, 1) E Rem(o, m3) xp(o, k)

+ Outp(k) E Rem(o, m4) xp(o, k)

0EO0

Dplk)  kEK (46)

Two- and Three-Shift Patterns

SPC(k, 1) = {HnL(l)sn(k, 1) Y Rem(o, ml)xn(o, k)

0E€EO0

+ Varn(k, [) E Rem(o, m1) xn(o, k)

0€0

Dn(k)

+ [ Hp“()sp(k, 1) >, Rem(o, m3)xp(o, k)

0€0

+ Var p(k, 1) E Rem(o, m3) xp(o, k)

0€EO0

Dp(k)

keK 1=231€L (47)

According to constraint 46, the cost corresponding to a single-
shift pattern in a particular plant (k) over the entire planning
time horizon is composed of:

(1) the cost associated with remunerating operator o during
baseline time on normal days (ml),

(2) the cost associated with remunerating operator o during
overtime on normal days (m2),

(3) the cost associated with remunerating operator o during
baseline time on penalized days (m3), and

(4) the cost associated with remunerating operator o during
overtime on penalized days (m4).
This constraint makes an allowance for baseline and overtime
costs to vary according to day type, either normal or penalized.
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Constraint 47 states that the cost corresponding to two- and
three-shift patterns in a particular plant (k) over the entire
planning time horizon is composed of:

(1) the cost associated with remunerating operator o during
baseline time on normal days (m1) and

(2) the cost associated with remunerating operator o during

baseline time on penalized days (m3).
It is worthy of note that in two- and three-shift patterns there is
no opportunity for overtime. This is attributed to the fact that,
in the context of this article, operators are not allowed to work
more than one shift on a given day.

Constraints 46 and 47 consist of bilinear terms, which im-
pose nonlinearity in the overall model. However, because these
arise only from the product of either two binary variables or a
binary variable and a continuous variable, they can be linear-
ized using Glover transformation (1975) as shown below. An
attempt was made to apply the Watters transformation (1967)
for linearization of the former set of bilinear terms (that is, two
binary variables). However, this requires an additional binary
variable, which increases the computational effort in solving
the model.

Linearization (Glover Transformation). Let:

sn(k, Dxn(o, k) = Gn'(o, k)
xn(o, k)Ovtn(k) = Gn"""" (o, k)
xn(o, k)\Varn(k, [) = Gn™*"(o, k)
sp(k, xp(o. k) = Gp'(o, k)
xp(o, K)Ovip(k) = Gp"**"(o, k)
xp(o, k)Varp(k, 1) = Gp""?(o, k)

then,
sn(k, 1) —[1 — xn(o, k)] = Gn'(o, k) = sn(k, 1) (48)
0 = Gn'(o, k) = xn(o, k) (49)

Ovtn(k) — [HnY(1) — Hn"|[1 — xn(o, k)]
= Gn""(o, k) = Ouvtn(k) (50)

0= Gn""(0, k) = [HnY(1) — Hn"|xn(o, k)  (51)

Varn(k, 1) — [HnY(l) — Hn*(1)][1 — xn(o, k)]
= Gn"" (o, k) = Varn(k, 1) (52)

0 = Gn™*(o, k) = [HnY(I) — Hn"*(I)]xn(o, k) (53)
sp(k, 1) — [1 = xp(o, k)] = Gp'(o, k) = sp(k, 1)  (54)
0 = Gp'(o, k) = xp(o, k) (55)

Owtp(k) — [Hp“(1) — Hp"()][1 — xp(o, k)]
= Gp"“"(0, k) = Ovtp(k) (56)

0= Gp""™(o, k) = [Hp“(1) — Hp"(1)]xp(o, k) ~ (57)
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Varp(k, 1) — [Hp"(1) = Hp"()I[1 = xp(o, k)]
= Gp"“(0, k) = Varp(k, 1) (58)

0= Gp"™™ (o, k) =[Hp"(l) — Hp"(D]xp(o, k) (59)

The following constraint associates the remuneration of each
operator to the corresponding rank. It should be noted that
remuneration is dependent on the pay category. The pay cate-
gories are:

® pay corresponding to baseline time on a normal day (m1),

® pay corresponding to overtime on a normal day (m2),

® pay corresponding to baseline time on a penalized day
(m3), and

® pay corresponding to overtime on a penalized day (m4).
Remuneration has been assumed to be a linear function of the
rank as shown in constraint 60. However, the type of remu-
neration-rank function does not affect the linearity of the
overall model because remuneration is supplied as a parameter.
In reality, this function is dependent on the type of remunera-
tion pattern or scale adopted by individual companies

RemY(m) — Rem*(m)
GY%(0) — G*(0)

+ Rem*(m)

Rem(o, m) = [ [G'(0) — G*(0)]

oeO0O,meM (60)

Objective Function

The objective function is the maximization of profit, which
takes into account the quality of operator allocation and costs.
To provide for the quality of operator allocation, the penalty
factor (A) is used to ensure a minimum possible deviation
between the rank of an operator and that required by the plant.
The use of the penalty factor subjects the formulation to the
main drawback of penalty functions; that is, the optimal value
depends on the value of A. Therefore, the value of this factor
has to be reported for every set of results. The ranks are a
product of an evaluation procedure presented in an article by
Majozi and Zhu (2002). It is worthy of note that the objective
function is seeking to maximize the slack variables providing
for negative deviation (which corresponds to the selection of
high rank operators) while minimizing the operator costs

max Z = 3, C(s,)W(sh,) = 2 Clsh)[W(sh,) = W'(s),,)]
d b

S()W out

— D ClspWis,) — W(sp)] = 2, C(sh)W'(sh,,)

Sin Sout

— 2 C ()W (s;) — > 2 SPC(k, 1) + A{E > [6n (0, k)

s Ik ok

Sin

+ 8p (0, k) — dn" (0, k) — 8p* (o, k)]} 61)

The solution of the planning model yields the essential data for
the determination of the parameters used in the duration con-
straints for the scheduling model [that is, pn ™ (s, p), pn~ (s, p),
ppt (s, p), and pp~(s, p)]. In the initial presentation of the
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scheduling model (Majozi and Zhu, 2001), these parameters
were introduced as variables to provide for added degrees of
freedom commonly encountered in batch operations. It was
stated that these could be attributable to choice of catalyst and
raw materials, as well as human intervention. The latter is
ascribed to the fact that different operators tend to have differ-
ent skills, expertise, and plant understanding, manifest in vari-
able plant performance by different crews. The concept of
added degrees of freedom was introduced to avoid associating
the variation in batch times with the variation in batch sizes. It
should be emphasized, however, that although these variables
were originally presented as also providing for the choice of
catalyst and raw materials, only the human intervention aspect
is treated in this article. The following section demonstrates the
determination of these variables, which are later incorporated
as parameters into the scheduling model.

Determination of pn*(s, p) and pn~(s, p)

These parameters were initially introduced as variables to
provide added degrees of freedom (Majozi and Zhu, 2001), as
shown in constraint 62. They are hereby introduced as param-
eters determined by &n (o, k) and &n" (o, k) from the planning
model

tnp(sounj’ p) = tnu(sjl,jap - 1) + T(s?;l/)yn(szi,pp - 1)
v pEPknajE‘lk
(62)

+pn*(sh,p—1)+pn (sh,p—1)

V pEP,.jEJ
(63)

pn(s% . p)=0,pn (sk ,p) =0

To decipher the mechanism on which the link between these
parameters and variables is based, it is worthy of note that
pn't (s, p) is associated with longer processing times, whereas
pn (s, p) is associated with shorter processing times. There-
fore, it is justified to conclude that pn™ (s, p) is characteristic of
poor plant performance, whereas pn” (s, p) is characteristic of
good plant performance. In the context of this article, this
performance is influenced only by the quality (competence) of
the operators allocated to each plant. This implies that the
worst and best possible allocations will give maximum and
minimum (most negative) values of pn™ (s, p) and pn~ (s, p),
respectively. The latter are usually known beforehand and
based on experience.

Determination of pn~ (s, p)

This parameter is associated with good plant performance,
which will be realized if the rank of each operator in a given
plant is greater than or equal to the rank required in that plant
[i.e., G(k) — G'(0) = 0]. However, it is worthy of note that,
although allocating an operator whose rank is strictly greater
than that required in a plant might be advantageous in terms of
plant performance, it might not be economically viable, given
that remuneration is proportional to the rank. To determine
pn~ (s, p), the following model has to be solved.
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Model M1

Max >, > [8n (0, k) — 8n* (0, k)] (64)

0EO0 kEK

subject to

> xn(o, k) = >, 0™k, Dsn(k, 1) kEK (65)

0€EO0 IEL
> xn(o,k)=1  o0€O (66)

kEK

xn(o, k) = 0/1 (67)

According to the objective function (Eq. 64), this model is
seeking to maximize the sum of slack variables to provide for
negative deviation between the rank required in each plant and
the ranks of the operators allocated to the plant. The binary
variable associated with the choice of a shift pattern, that is,
sn(k, [), used in constraint 65 is obtained directly from the
planning model output. Therefore, in this constraint, sn(k, /) is
used as a parameter. Equation 68 is the maximum sum of
negative deviation slack variables, which is obtained after
solving model M1.

max E Z on (o0, k) = [E E én (o, k)} (68)

ok M1

To relate pn™ (s, p) to the maximum sum of negative devi-
ation slack variables, a ratio between the actual and maximum
sum of negative deviation slack variables is defined as follows

[EOEO 2keK on (o, k)]mual

An (k) = 5 S o (0 )

(69)

The actual sum of negative deviation slack variables is ob-
tained from the output of the planning model. It is worthy of
note that the maximum value of An™ (k) (that is, 1) represents
operator allocation wherein the ranks of most or all operators
are higher than the rank required in a particular plant k. This is
likely to culminate in best plant performance. Therefore, it is
conjectured that pn~ (s, p) is, in one way or another, dependent
on An~ (k) {thatis, pn~ (s, p) = f[An" (k)]}. A maximum value
of An~ (k) (that is, 1) corresponds to the minimum (most
negative) value of pn™ (s, p), and a minimum value of An™ (k)
(that is, 0) corresponds to the maximum value of pn™ (s, p) (that
is, 0). For a unit operation in which the allowed processing time
variation is v and the mean processing time is 7(s), the mini-
mum value of pn~ (s, p) is —v7(s). Assuming a linear corre-
spondence between pn (s, p) and An~ (k) gives the following
equation

pn_(sj!;,jv p) = [_ VT(S?:I,/-)]AH_(I{) .] € ‘lka p € P (70)

This is the parameter that is used in Eq. 62.
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Determination of pn™ (s, p)

This parameter is associated with poor plant performance,
which will be realized if the rank of each operator allocated to
a given plant is less than the rank required in that plant [i.e.,
G(k) — G'(0) > 0]. It is determined by solving the following
model.

Model M2

min >, . [8n (0, k) — dn" (0, k)] (71)

subject to
Constraints 65, 66, and 67.

Model M2 is aimed at maximizing the sum of slack variables
to provide for the positive deviation between the rank required
in each plant and the rank of the operators allocated to the
plant. The maximum sum of positive deviation slack variables,
obtained after solving model M2, is given in the following
equation

max Y, O, on" (0, k) = [E > én* (o, k)} (72)

ok w2

The ratio between the actual and maximum sum of positive
deviation slack variables is then defined as shown in Eq. 73.
The actual maximum sum of positive deviation slack variables
is also obtained from the output of the planning model

[EOEO EI\EK 6n+(0’ k)]ar'tuul
[Zoc0 Ziek 01" (0, k) yn

An*(k) = (73)

The maximum value of An™ (k) (that is, 1) represents operator
allocation wherein the ranks of most or all operators are lower
than the rank required in a particular plant k, which is likely to
result in poor plant performance. Therefore, there has to be
relationship between pn™ (s, p) and An™ (k). A maximum value
of An"(k) (that is, 1) corresponds to the maximum value
ofpn™(s, p), and the minimum value of An"(k) (that is, 0)
corresponds to the minimum value of pn*(s, p) (that is, 0). If
the allowed variation in processing time is v and the mean
processing time is 7(s), the maximum value of pn™(s, p) is
v7(s). Assuming a linear relationship between pn™(s, p) and
An™ (k) results in Eq. 74.
anr(Sj'kn,j’ p) = [VT(S?:L,j)]AnJr(k) .] € ‘]k’ 14 € Pkn (74)

This parameter is then used in Eq. 62. It should be emphasized
that models M1 and M2 are solved only once, given that the
sum of maximum deviation slack variables is fixed throughout
the solution procedure.

The determination of pp™ (s, p) and pp~ (s, p), which corre-
spond to penalized days, follows the same procedure.

Scheduling Model

Because of a possibility of different time horizons and shift
patterns, as well as daily production rates for any given plant
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on normal and penalized days, each plant has to be scheduled
for each day category. This is achieved by applying the ex-
tended model of Majozi and Zhu (2001) to a particular plant k
on normal and penalized days. The extension arises only in the
duration constraints as explained above, and thus a detailed
explanation of the constraints will not be given in this article
because it has been presented in articles by Majozi and Zhu
(2001) and Zhu and Majozi (2001). Shown below is the sched-
uling model for normal days. A similar model has to be
constructed for penalized days. Attention should be brought to
the fact that the scheduling time horizon used in the time
horizon constraints for the scheduling model is obtained from
the planning model output.

Scheduling Model for a Particular Plant k on
Normal Days

Duration constraints

These constraints are given in Eq. 62, with parameters de-
fined in Eqgs. 70 and 74.

Capacity constraints

Viityn(si . p) = 2 mny(s, p) = Vi“'yn(sh, ;. p)

Vi€J.pEP, (75

Material balances

2 mnu(svp - 1) = 2 mnp(s9p)

S=Sin, j

Vpepkn’je‘]k

(76)

qns(s’ pl) = Q?(S) - mnu(s9 pl)
s # product, s € S, p; = starting point, p, € P, (77)

gnys, p) = qnds, p — 1) — mn,(s, p)
s = feed, s € S YpEP,,p>p (78)

gn,(s, p) = gnds, p — 1) + mn,(s, p) — mn,(s, p)
s # product, feed, s € S, YpEP,,p>p (79

qns(s’ pl) = Q?(S) - di’l(S, pl)
s = product, s € S,, p; = starting point, p; € P;, (80)

gnys, p) = qnys, p — 1) + mn,(s, p) — dn(s, p)
v pEPkmp>pl
(81)

s = product, by-product, s € S

Sequence constraints

tnu(sin,j7 P) = E 2 2 z‘np(saut,ja P’) - tnu(sin,j7 P’ - 1)

Sin,j Sout,j P'=p
V .] € Jk7 14 € Pkn’ som,j € Sout,j9 Sin,j S Sin,j (82)
tnu(sin,js p) = tn]l(s()uf,j’ p) V .] € ‘Ik’ )4 € Pkn (83)
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tnu(sin,js p) = tn]l(s()ur,_j” p)
V jaj’ € ‘Ik7 P S Pkm Sout,j' = sin,j (84)

Time horizon constraints

(s, p) = Hn(k, 1) YV 8, €SP EPLjEJ;

(85)

in, j

tnp(sotlr,j’ p) = Hl’l(k, l) v Saut,j € Sour,j7 p € Pkn’j € Jk

(86)
Storage constraints
qn.v(sv p) h Qmax(s) V s € Sk’ p € Pkn (87)

Objective function

maximize Y, , dn(s, p)

s p

s = product,p € P, (88)

Optimal number of operators

The optimal number of operators is dependent on the number
of operators required to operate a particular unit j [A(j)], the
number of active units over a scheduling time horizon, and the
optimal shift pattern. The number of active units over a sched-
uling time horizon is obtained after solving a scheduling model
and the optimal shift pattern is from the planning model output.
Equation 89 is the expression for the optimal number of oper-
ators on a normal day and a single-shift pattern. According to
this expression, the operators working on a particular unit j
[A(j)] will be required only if this unit is active during the
scheduling time horizon {that is, max[yn(sj‘nli, p)] = 1}; oth-
erwise, these operators will be redundant

On(k, 1)
= E A(])max[yn(sﬁn p)] p e Pkn’ k E Ks;‘:l,j E sin,j (89)

JEJk

Equation 90 is an expression for the number of operators
required in a two-shift pattern. This is composed of operators
required in the first shift (f1) and operators required in the
second shift (f2). The number of operators that is required in
the first shift in a particular plant & is dependent on the number
of active units before the end of the first shift [that is, m,(s7, ,
p) < Tn(fl, k)]. The number of operators required in the
second shift is dependent on the number of units that finish
operating after the end of the first shift [that is, n,(s,,,;» p) >
Tn(f1, k)]. It is worthy of note that this includes the units that
start their operation in the first shift, but only finish in the
second

On(k,2)= X A()  max  [yn(sh ;. p)]

JEI tnu(sin, j.p) <Tn( f1.k)
+ 2 AG)  max  [yn(sh . p)]
JEI tnp(Sou, jp+1)>Tn( f1.,k)
p E Py, kEK, flEF,, sh i €Sy (90)
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Scheduling for plant k
wn(s,-rn’k) >y mnu(s,-rn,k ,P)

d d
W”(Sout,k) =2 mn p (Sout,k »D)
L

d d
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3 mn (st k » P)sNn (k)
P

No

Stop

Figure 4. Solution procedure for integrated planning and scheduling problem.

The number of operators required in a three-shift pattern is
composed of the operators required in the first (f1), the second
(f2), and the third (f3) shifts as shown in Eq. 91. In the first
shift, the optimal number of operators is determined by the
number of active units before the end of the first shift. The
number of operators required in the second shift is determined
from

(1) the number of units that begin their operation at or after
the end of the first shift and before the end of the second shift
[i.e., Tn(fl1, k) = tnu(sT,,J, p) < Tn(f2, k)], or

(2) the number of units that finish their operation after the
end of the first shift and before or at the end of the second shift
li.e., Tn(f1, k) < tm,(Spu» P) = Tn(f2, k)].

The number of units that finish their operation after the end of
the second shift [i.e., 1,(s,,.;» p + 1) > Tn(f2, k)] determines
the number of operators required in the third shift

on(k,3)= >, A(j)  max

=20 tnu(sin, jp) <Tn( f1,k)

+ E A()) max

JEI Tn( f1,k)=tnu(s.j,p)<Tn( f2.k)

[yn(ss » p)]

[yn(sF, ;, p)]

or
Tn( f1.)<tnp(sou, j.p+1)=Tn( f2.k)

+ E A()) max

JEX tnp(sou, j.p+1)>Tn( f2.k)

fLf2E€F;, S?:z,jesin,j (C2Y)

[yn(sh . p)]

pEPkln kEK,

1008

May 2004 Vol. 50, No. 5

Therefore, the actual optimal number of operators as deter-
mined after the solution of the scheduling model [Nr'(k)] is
obtained from the following equation

Nn'(k) = >, On(k, )sn(k, 1)

IEL

keEK (92)

The binary variable supplying the selection of shift patterns
[that is, sn(k, [)] is obtained from the planning model output,
and used in Eq. 92 as a parameter.

Solution Procedure

The solution procedure adopted in this article is based on the
methodology developed by Zhu and Majozi (2001), which is
based on the fact that a problem of integrated planning and
scheduling exhibits a block angular structure. This structure
consists of the planning model for the entire site and scheduling
submodels corresponding to individual plants. The planning
model serves as the coordinator for individual scheduling sub-
models. The block angular structure for the integrated planning
and scheduling problem allows each of the scheduling submod-
els to be solved independently without compromising global
optimality. This eventually leads to much smaller problems with
meager binary variables, which can be solved with limited com-
putational effort. This procedure is summarized in Figure 4.

The data shown in Figure 4 correspond to scheduling on a
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normal day. The same procedure applies to penalized days.
Following is the input data to the planning model.

® The rank of each operator and the rank required in each
plant. These are obtained from the application of FST as
mentioned earlier in this article.

e Stoichiometric data, which are required for mass balances
at the planning level.

® The maximum number of operators required in each plant
(k), depending on a given shift pattern (/). It is worth noting that
the number of operators required in each plant is dependent on
the selected shift pattern. A single-shift pattern will almost
always require fewer operators than a two-shift pattern. On the
same note, a two-shift pattern will required fewer operators
than a three-shift pattern.

® The upper bound on the amount of material that can be
produced on a particular day (normal or penalized) [i.e.,
wnt (55,1

e A chosen planning time horizon. A choice of the planning
time horizon determines the number of normal and penalized
days. In this article, the planning time horizon has been chosen
as one year (52 weeks) with 48 weeks (336 days) allocated to
production and 4 weeks reserved for maintenance and contin-
gencies. Given that there are two penalized days (weekend) per
week, it implies that 96 days of production will be during
penalized days. However, other than weekends, penalized days
also include holidays, which are usually known beforehand and
vary from one country to another. An allowance of 6 days has
been allocated to holidays, which means that over the 48-week
planning time horizon, 234 days are normal and 102 days are
penalized.

e Cost data, which are required in the objective function for
the maximization of profit. These data entail the cost of raw
materials, the product selling price, treatment costs, and oper-
ator (labor) costs.

Solving the planning model yields the optimal daily produc-
tion rate [wn(s®,, ;)] corresponding to an optimal scheduling
time horizon for normal and penalized days, and eventually
decides the appropriate shift pattern. Concomitant with optimal
daily product throughput is the raw material requirement as
determined by the stoichiometric constraints. The actual num-
ber of operators [Nrn”(k)] that accords with the selected shift
pattern is also determined. In the first instance, that is, before
the scheduling model is solved, this number is determined from
the maximum number of operators required in plant (k) in shift
pattern (/), as shown in Egs. 93 and 94. Equation 94 is based on
the premise that operator(s) for a particular unit j in plant £ will
always be available, irrespective of whether the unit is active or
inactive

Nn?(k) = >, 0" (k, [)sn(k, 1)

IEL

kekK 93)

0" (k, 1) =1 2, A(j)

JEJTk

leL={1,2,3L, k€K (%94

To embrace the quality (competency) of personnel within the
subsequent scheduling model, the variables that provide for the
quality of personnel allocation [ 8n* (o, k) and &n™ (o, k)] are
determined at the planning level.

The data obtained from the planning model are used as input
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data to the scheduling model, which is an extension of the
model developed by Majozi and Zhu (2001). The fundamental
difference between the latter scheduling model and the model
presented in this article lies in the duration constraints, as
explained earlier. To integrate the planning and scheduling
models, the following constraint is incorporated within the
scheduling model

wn(s;, ;) = E Z mn,(Si, j» ) V s,,; = raw material
JEJk pEPrn

95)

The scheduling model is eventually solved to yield the optimal
schedule and the maximum possible amount of material that
can be produced over the optimal scheduling time horizon
determined by the planning model. It should thus be under-
stood that once the time horizon, and hence the shift pattern,
has been determined from the planning model, it remains fixed.

The optimal schedule obtained from the solution of the
scheduling model is, in essence, a portrait of which units will
be active over the scheduling time horizon, when these units
will be active, and how much quantity they will have to
process. This provides the basis for determination of the opti-
mal number of operators required [Nn’(k)] over the optimal
scheduling time horizon as shown in Eq. 92. However, this feat
requires a prior knowledge of the number of operators required
to operate each unit [that is, A(j)]. The number of operators
determined at the planning level [Nr”(k)] is then compared to
the number of operators predicted at the scheduling level
[Nr’(k)]. If these are not equal, the planning level is revisited
with a modified number of operators, which is actually the
number predicted at the scheduling level. This iterative proce-
dure terminates only when the number of operators at the
planning level concurs with that at the scheduling level. This is
followed by the next step, which entails the comparison of
the amount of daily product predicted at the planning level
[wn(s;‘fwk)] with that predicted at the scheduling level [that is,
2, mn,,(s‘jm,k, p)]. If the difference between these amounts
exceeds a specified tolerance, the current product throughput
from the scheduling model is fed back to the planning model;
otherwise, the overall procedure terminates. It is worth noting
that the overall procedure terminates when planning model
output agrees with the scheduling model output within set
tolerances in every respect.

Although the gist of the overall procedure is evident, further
elaboration is necessary on the sequence of the termination
criteria. Why does consistency on the number of operators
predicted at the planning and scheduling levels have to be
guaranteed before the corresponding product throughputs, and
not vice versa (Figure 4)? The number of operators determined
by the initial planning model solution is an upper bound cor-
responding to a selected shift pattern because the optimal
number is not known until the scheduling model has been
solved. This eventually reduces the degrees of freedom in the
determination of the variables én " (s, p) and 81 (s, p) because
each plant initially requires a large number of operators from a
fixed selection pool. This implies that the initial solution of the
scheduling model, which is based on these variables, is likely
to be suboptimal in terms of the maximum product throughput.
Solving the scheduling model yields the optimal number of
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Table 1. Summary of the Planning Model

Planning Model* Initial Solution  Final Solution

NE 11,806 11,806
NBV 618 618
NCV 4942 4942
MILP objective (10°) 105.10 84.05
Relaxed objective (10°) 110.41 85.08
CPU time (s) 59.54 0.87
Profit (£(MM)/annum) 70.76 59.15
Labor costs (% operating costs) 7.1 7.0
Sales (£(MM)/annum) 137.15 103.40

*NTP, number of time points; NC, number of constraints; NBV, total number
of binary variables; NCV, number of continuous variables.

operators, which is almost always less than the initial number
determined at the planning level. Relaying the optimal number
of operators back to the planning model improves the degrees
of freedom in determining the variables &n* (s, p) and &n (s,
p), thereby improving the subsequent scheduling model. There-
fore, guaranteeing consistency of product throughputs between
planning and scheduling before the number of operators would
certainly culminate in suboptimal results.

Case study

To illustrate the application of this approach, a case study
involving three processes from an agrochemical operation is
presented. The details of the case study can be found in an
article by Majozi and Zhu (2001) and a thesis by Majozi
(2001).

Results and Discussion

The results discussed in this section were obtained using
GAMS 2.5/CPLEX 7.0 in a 1.5-GHz Pentium IV processor.
Tables 1 to 6 give the results obtained after applying the
solution strategy presented in Figure 4 of this article. Table 1
summarizes the structure of the planning model and shows
initial and final solutions. The initial solution is obtained before
integration with scheduling models and the final solution cor-
responds to the results obtained after integrating the planning
and scheduling models. The apparent optimism in terms of
profit (£70.76MM/annum) and sales (£137.15MM/annum) in
the initial solution is attributed to the fact that the initial
planning model is based on the upper bound for the production
throughputs, as shown in constraints 9 and 10. On the other
hand, the final solution from the integrated planning and sched-
uling framework takes into account the actual impact of oper-
ators on schedules and consequently plant performance, which
reflects reality. This explains the relatively low profit and sales
of £59.54MM/annum and £103.40MM/annum, respectively.

The planning model consists of 11,806 constraints, 618
binary variables, and 4942 continuous variables, and displays
integrality gaps of 4.8 and 1.2% for the initial and final solu-
tions, respectively. This prefigures a very good performance for
a model of this size. It is also worth noting that, whereas the
initial solution took 59.54 CPU seconds, the subsequent solu-
tions, including the final solution, required an average of 0.9
CPU seconds. It should be mentioned, however, that the overall
solution procedure required 145 CPU seconds and 30 itera-
tions. The reduction in CPU time for subsequent iterations
emanates from the reduction in the number of variables as-
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cribed to the heuristic of fixing time horizons, hence shift
patterns, from the first planning model solution. The foregoing
statement is justified by the results shown in Tables 2 and 3. It
is clear from these tables that the shift patterns and time
horizons determined from the first planning model solution
remain fixed throughout the iterative procedure. Plant 1 has to
operate only on normal days in a three-shift pattern spanning
over a period of 16 h. Plant 2 has to operate on both normal and
penalized days in a three-shift pattern spanning over a period of
16 h. Plant 3 has to operate a 12-h single-shift pattern on
normal days and a 16-h two-shift pattern on penalized days.

The operator requirement given in Table 2 shows that the
optimal number of operators from the initial solution is actually
the maximum number of operators corresponding to the se-
lected shift pattern (/) for a particular plant (k) and is obtained
from Eq. 93. This operator requirement accounts for 7.1% of
the operating cost, which entails raw material, treatment, and
labor costs. The utility costs were omitted because the planning
model presented in this article does not involve utilities. Table
3 gives the optimal number of operators obtained from the
scheduling models. This accounts for 7.0% of the operating
cost. Had the number of operators remained fixed from the
initial planning model solution, the labor costs would escalate
to 10.64%, which justifies the necessity of matching operator
requirement to active units over a given time horizon.

Table 4 shows the optimal allocation of operators to different
plants. Only 53 operators were selected from the given selec-
tion pool of 100 operators. These operators were selected in
such a way that each plant is supplied with highly competent
(high-grade) operators, while maximizing the overall profit.
This explains the omission of most of the operators with very
low grades (such as operators 7, 10, 19, and 38), in favor of
those with relatively higher grades. The planning model takes
into account the financial burden of omitting low-ranking op-
erators in favor of high-ranking operators. It must be men-
tioned, however, that the performance of the model, with
regard to the selection exercise, is highly dependent on the
value of the penalty factor (A). Increasing this factor leads to
the omission of very high ranking in favor of low-ranking
operators as a consequence of the financial burden associated
with high ranks. It is worth noting that the planning model
makes an allowance for some of the operators to work in
different plants on normal and penalized days, respectively (see
operators 11, 17, 28, and so on). However, in a situation where
the plants are far apart this condition has to be removed, as it
might be practically infeasible. This is achieved by incorporat-
ing an additional constraint into the model.

Table 5 shows the values of the parameters aimed at asso-
ciating the competency of operators to plant performance. For
plant 1, all these values are negative, which characterizes good
plant performance. This is attributed to the fact that plant 1
requires operators of grade 12, and all the operators allocated to
this plant are of grades that are higher than or equal to 12. The
same effect is manifest in plants 2 and 3. It should be noted,
however, that the values of these parameters are not equal to
the minimum (most negative) values that characterize an ideal
scenario, given that the involvement of operator selection and
allocation, as well as the impact thereof, introduce practicality
into the problem.

Table 6 shows final results from scheduling models of plants
1, 2, and 3. The MILP objective represents the production
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Table 2. Initial Planning Model Output

Optimal Output

Plant 1

Plant 3

Normal Days

Normal Days

Penalized Days

Shift pattern

Time horizon (h)

Operators required

Product throughput (tons/day)

sl
59
s10
sl
sl’
s2'
s3'
s4'
s5'
Sl//
52"
S3//
s4"
SS//

s7
s8
59’
s’
S9//
s11”

3
16.00
54
25.64

Raw

Plant 2
Penalized Days Normal Days Penalized Days

— 3 3
— 16.00 16.00
— 21 21

— 25.72 1.00
Material Requirement (tons/day)

— 8.47 0.33
— 6.36 0.25
— 4.24 0.17
— 12.71 0.49
— 10.59 0.41

By-product Throughput (tons/day)

— 10.29 0.40
— 6.36 0.25

1
12.00

7
44.51

2
16.00
14
70.00

Table 3. Final Planning Model Output

Optimal Output

Plant 1

Plant 3

Normal Days

Normal Days

Penalized Days

Shift pattern

Time horizon (h)

Operators required

Product throughput (tons/day)

sl
s9
s10
s11
s1’
s2'
s3'
s4'
s5'
s1”
s2"
s3"
s4"
55"

s7
s8
59’
s11’
59"
s11”

3
16.00
32
14.69

7.93
9.92
13.88

Plant 2
Penalized Days Normal Days Penalized Days
— 3 3
— 16.00 16.00
_ 14 10
— 25.72 1.00
Raw Material Requirement (tons/day)
— 8.47 0.33
— 6.36 0.25
_ 4.24 0.17
— 12.71 0.49
— 10.59 0.41
By-product Throughput (tons/day)
— 10.29 0.40
— 6.36 0.25

1
12.00

7
33.33

2
16.00
11
50.00
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Table 4. Optimal Allocation of Operators to Different Plants

Plant 1

Plant 2 Plant 3

Operator Normal Days Penalized Days

Normal Days

Penalized Days Normal Days Penalized Days

©
XXX XXXXXXXXX

XXX XXXXXXX

X X X X

=
X X X

Overall 32 14

X X X X
X X X X

10 7 11

throughput per day. It is evident from these results that the
MILP objective and the number of operators required in each
plant on both types of days (that is, normal and penalized)
agree very well with the results from the final planning model
solution, which is the gist of integrated planning and schedul-
ing. For plant 2, eight and five time points, respectively, were
required on normal and penalized days, irrespective of the
same length of scheduling time horizon (that is, 16 h). This is
attributed to the fact that normal and penalized days have
production throughputs of 25.72 and 1.00 tons/day, respec-
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tively. Given that the capacity of each equipment in plant 2 is
30 tons, the production throughput of 1.00 ton/day is likely to
be unjustifiable in practical terms. To avoid this situation, the
lower bounds in Egs. 11 and 12 would have to be adjusted
accordingly. It should also be noted that 7 and 13 time points
were used in plant 3 for normal and penalized days, respec-
tively. This is attributed to the fact that, whereas normal days
require a time horizon of 12 h, penalized days require a time
horizon of 16 h.

To facilitate understanding of how the number of operators

AIChE Journal



Table 5. Parameter Associating Plant Performance
to Operator Allocation

Sty P (hy p)  pn (Y p) pp (hy P pp (S p)
Plant 1
sl 0 —-0.204 — —
s1,0 0 —0.204 — —
52,5 0 —0.305 — —
8§24 0 —0.305 — —
8§33 0 — — —
8§34 0 =0.102 — —
s4,,s 0 -0.102 — —
s4in6 0 — - -
54,5 0 -0.102 — —
55,8 0 —0.305 — —
$5,,0 0 —0.305 — —
Plant 2
s2' 0 -0.232 0 -0.203
56’ 0 —0.026 0 —0.023
s7' 0 —0.052 0 —0.045
58’ 0 —0.155 0 —0.135
Plant 3
52" 0 —1.350 0 —1.085
56" 0 —0.150 0 —0.121
s7" 0 —0.300 0 —0.241
58" 0 —0.900 0 -0.723

is obtained from production schedules, a Gantt chart for plant
2 on penalized days is shown in Figure 5. In this case study,
Gantt charts for the production schedules are not shown be-
cause their determination was previously presented elsewhere
(Majozi and Zhu, 2001), and does not dovetail with the context
of this article. According to Tables 3 and 6, plant 2 requires 10
operators and operates in a three-shift pattern spanning over
16 h on penalized days. The encircled numbers in Figure 5
represent the number of operators required to operate a unit.
Therefore, 6, 3, and 1 operators are required in the first, second,
and third shifts, respectively. This number is mainly attributed
to the fact that the second unit starts operating in the first shift
and finishes operating in the second shift, which implies that
this particular unit is operated by different crews in different
shifts.

Conclusions

A novel planning model has been presented in this article.
This model determines the optimal scheduling time horizons
and shift patterns for individual plants as well as the optimal

Shift 1 Shift 2 Shift 3
Operations ; (T}
N i P i T
Evapaoration | \ijl E L3} - #
" o i
Setng | l\. ¥ ; !
Mixing "\._.-'I — . : "
Reaction L4 : : '
. H '
430 478 | ST 1 1314 16,00
¥ ¥
533 10.6E

Time (h)

Figure 5. Determination of the optimal number of oper-
ators for plant 2 on penalized days.

allocation of operators on normal and penalized days. These
optimal scheduling time horizons are then used to perform
scheduling for individual plants on normal and penalized days.
Scheduling for individual plants is based on the model devel-
oped by Majozi and Zhu (2001). Integration of the planning
model with the scheduling models for individual plants allows
the planning model to determine the optimal number of oper-
ators required in each plant on normal and penalized days.
Integration of planning and scheduling models is based on the
decomposition procedure developed by Zhu and Majozi
(2001). Also presented in this article is a procedure for incor-
porating the quality of operators and their impact on plant
performance within the framework of planning and scheduling.
The quality of operators is based on their grades or ranks. The
latter are obtained by applying fuzzy set theory (FST).

Application of this planning model to a case study involv-
ing three plants and 100 operators showed that, although a
significant number of binary variables are required (that is,
618), its structure allows it to be solved with minimal
computational effort. A maximum of 59.54 CPU seconds
was required in this case study to guarantee global optimal-
ity. Global optimality is ensured by linearizing the noncon-
vex bilinear terms using Glover transformation. These bi-
linear terms arise from the cost constraints and involve a
product of two binary variables or a binary variable and a
continuous variable. Also, a maximum integrality gap of
4.8% was realized. This is a manifestation of very good
performance for a model of this size. The case study showed
that a profit of £70.76 million, which was obtained in the
initial planning model solution, was too optimistic when
considering the scheduling models. The realistic target was
determined to be £59.54 million.

Table 6. Summary of the Scheduling Models after Convergence

Plant 1 Plant 2 Plant 3

Scheduling Model Normal Penalized Normal Penalized Normal Penalized
NTP 13 — 8 5 7 13
NC 2475 — 616 385 539 1001
NBV 143 — 32 20 28 52
NCV 1533 — 410 260 390 640
MILP objective (tons/day) 14.50 — 25.72 1.00 33.33 50.00
Relaxed objective 14.50 — 25.72 1.00 33.33 50.00
CPU time (s) 1.92 — 0.11 0.05 0.11 0.22
Operators required 32 — 14 10 7 11

*NTP, number of time points; NC, number of constraints; NBV, total number of binary variables; NCV, number of continuous variables.
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Notation
Sets

Variables

1014

F=
F,

J
J,
K=
L =
M
0=
pP=

P, =

~
oy
Il

S, =
¢ =
in, j

s =

in

r —
Sin.k -

d
out

out,k

Sb

out

St =

outk

on"(o, k) =

dp*o, k) =

on (o, k) =

dp (0, k) =

dn(s, p) =
dp(s, p) =
Hn(k, I) =

Hp(k, ) =

mn,(s, p) =
mp,(s, p) =
mn,(s, p) =
mp,(s, p) =
Nn”(k) =
NpP(k) =
Ovtn(k) =
Ovtp(k) =
gny(s, p) =
qp(s. p) =

sn(k, ) =

= (s, |s

{ f|fis ashift} = { f1, f2, f3}

a shift belonging to shift pattern /
{j|jis a unit}

a unit in process k

{k| k is a process}

{1]11is a shift pattern} = {1, 2, 3}

{m | m is a pay category} = {ml, m2, m3, m4}
{o] o is an operator}

{p|p is a time point}

a time point corresponding to plant k on a normal
day

a time point corresponding to plant k£ on a pe-
nalized day

= {Sin. ;| Sin.; 1S an input state to unit j}

{Sour. i [ Sou. ; is an output state to unit j}
{s]sis any state} = S,, ; U S, ;
a state used in a particular plant k

{s%, ;| 5%, ; is an effective state} C Sin, j
{sh, | s, is a raw material} C S

{87, | St is a raw material into process k}
S CS

d

N

our | S6u, 18 a product} C S

= {52, x| 5%, is a product from process k} C

s4d CS

out =

= {s’,,|s%.. is a by-product} C §

N

{iﬁ""k | 52, is @ by-product from process k}
cSs

out

slack variable providing for positive deviation
between rank required in plant k and the rank of
an operator o on a normal day

slack variable providing for positive deviation
between rank required in plant k and the rank of
an operator o on a penalized day

slack variable providing for negative deviation
between rank required in plant k and the rank of
an operator o on a normal day

slack variable providing for negative deviation
between rank required in plant k and the rank of
an operator o on a penalized day

amount of state s delivered to customers at time
point p on a normal day, s € S, ;
amount of state s delivered to customers at time
point p on a penalized day, s € S, ;
scheduling time horizon on a normal day in plant
k corresponding to a particular shift pattern /
scheduling time horizon on a penalized day in
plant k corresponding to a particular shift pattern
l

amount of state s produced at time point p on a
normal day, s € S,,,, ;
amount of state s produced at time point p on a
penalized day, s € S, ;

amount of state s used at time point p on a
normal day, s € S, ;

amount of state s used at time point p on a
penalized day, s € S, ;

number of operators required in plant k on a
normal day from the planning model

number of operators required in plant k on a
penalized day from the planning model
overtime in plant £ on a normal day

overtime in plant k on a penalized day

amount of state s stored at time point p on a
normal day

amount of state s stored at time point p on a
penalized day

binary variable associated with choice of shift
pattern / in plant k on a normal day

sp(k, 1) =
SPC(k, 1) =
(s, p) =
(s, p) =
tn,(s, p) =
s, p) =
n,(s) =
p(s) =
Varn(k, ) =
Varp(k, 1) =
W(si,) =
W(si, i) =
Wi, ) =
wp(sini) =
W(si,) =
Wisgu) =
W(Sﬁm.k) =
WIS i) =
Wp(soue) =
Wi(sgu) =
W(SGurs) =
WIS G0 i) =
win(s5,0) =
Wi (G i) =
Wp(‘yjut,k) =
WPU(SZM./() =
WP (S s) =
xn(k, 0) =
xp(k, 0) =
yn(s, p) =

(s, p) =

Parameters
oS p) =
A()) =
Blsous) =

B(sh,) =
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binary variable associated with choice of shift
pattern / in plant k on a penalized day

costs associated with a particular shift pattern /
in plant k

time at which state s is produced at time point p
on a normal day, s € S, ;

time at which state s is produced at time point p
on a penalized day, s € S,,,, ;
time at which state s is used at time point p on a
normal day, s € S, ;

time at which state s is used at time point p on a
penalized day, s € S, ;

actual processing time for state s on a normal
day, s € S, ;

actual processing time for state s on a penalized
day, s € S, ;

time beyond the minimum length of shift pattern
[ in plant k£ on a normal day

time beyond the minimum length of shift pattern
[ in plant k on a penalized day

overall amount of raw material s, used over the
planning time horizon

amount of raw material s}, used in process k
over the planning time horizon

amount of raw material s, used in process k on
a normal day

amount of raw material s/, used in process k on
a penalized day

additional amount of raw material s;, available
at a penalty over the planning time horizon
overall amount of by-product s%,,, produced over
the planning time horizon

amount of by-product s2,,, produced in process k
over the planning time horizon

amount of by-product s, produced in process k
on a normal day

amount of by-product s2,,, produced in process k
on a penalized day

additional amount of by-product 5%, treated at a
penalized cost over the planning time horizon
amount of product s¢,, produced in process k
over the planning time horizon

amount of product s¢,, produced in process k on
a normal day

upper bound on the amount of product s
duced in process k on a normal day
lower bound on the amount of product s¢ , pro-
duced in process k on a normal day

amount of product s¢,, produced in process k on
a penalized day

upper bound on the amount of product s¢,,, pro-
duced in process k on a penalized day

lower bound on the amount of product s¢,,, pro-
duced in process k on a penalized day

binary variable associated with the allocation of
operator o to plant k on a normal day

binary variable associated with the allocation of
operator o to plant k on a penalized day

binary variable associated with usage of state s at
time point p on a normal day, s € S7%, j
binary variable associated with usage of state s at
time point p on a penalized day, s € S%

in, j

d
out

pro-

stoichiometric coefficient of raw material s},
when used in plant £

number of operators required to operate a par-
ticular unit j

stoichiometric coefficient of by-product s,
when produced in plant k
maximum amount of by-product s, treated at

standard cost over the planning time horizon
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B'(s5,,)

Cls5.0)
CGsi)

Cls2.u0)

C'(s5)

C'(sh
An*(k), An~ (k)
Ap*(k), Ap~ (k)
Dn(k)

Dp(k)

G"(0)

GY(0)

G(k)

G'(0)

Hn*()

Hp“(l)

Hn(l)

HpY()

Hn®
Hpu v

A

us)

Nn*(k)

Np*(k)

On(k, )

Op(k, )

0" (k, 1)

0%s)

pp™ (s, p), pp~ (5, )

pn* (s, p), pn” (s, p)

R )
R(s},)
Rem(o, m)
Rem™(m)
RemY(m)

Rem(o)
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b
out

maximum penalized amount of by-product s
over the planning time horizon

selling price per unit capacity for product s<,,
standard price per unit capacity for raw material
Sin

standard treatment cost per unit capacity for
by-product 5%,

penalized price per unit capacity for raw material
5

in

= penalized treatment cost per unit capacity for

by-product 5%,

positive and negative slack variable ratios in
plant k£ on a normal day

positive and negative slack variable ratios in
plant £ on a penalized day

number of normal days in plant k over the plan-
ning time horizon

number of penalized days in plant k over the
planning time horizon

minimum rank (grade) for all operators
maximum rank (grade) for all operators

rank (grade) required in plant k obtained from
FST application

rank (grade) of a particular operator o obtained
from FST application

lower bound on normal day scheduling time
horizon corresponding to a particular shift pat-
tern /

lower bound on penalized day scheduling time
horizon corresponding to a particular shift pat-
tern /

upper bound on normal day scheduling time
horizon corresponding to a particular shift pat-
tern /

upper bound on penalized day scheduling time
horizon corresponding to a particular shift pat-
tern /

time period beyond which work is classified as
overtime on a normal day

time period beyond which work is classified as
overtime on a penalized day

penalty term providing for the minimization of
deviation between the rank required by the plant
and the rank of an operator

allowed percentage time variation for processing
state s, s € S, ;
number of operators required in plant k on a
normal day from the scheduling model

number of operators required in plant k on a
penalized day from the scheduling model
number of operators required in plant k on a
normal day for shift pattern /

number of operators required in plant k on a
penalized day for shift pattern /

maximum number of operators required in plant
k for a shift pattern /

initial amount of state s stored

parameters determined by the number and allo-
cation of operators to a particular plant on a
penalized day, s € S, ;

parameters determined by the number and allo-
cation of operators to a particular plant on a
normal day, s € S, ;

maximum amount of raw material s}, available
at standard price

maximum penalized amount of raw material s
over planning time horizon

hourly remuneration of operator o corresponding
to pay category m

minimum remuneration corresponding to a par-
ticular pay category m

maximum remuneration corresponding to a par-
ticular pay category m

remuneration of a particular operator o

,
in
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L

Rem lower bound on remuneration
Rem" = upper bound on remuneration
7(s) = mean processing time for state s, s € S, ;
Tn(f, k) = end time of a particular shift f in plant k£ on a
normal day
Tp(f, k) = end time of a particular shift f in plant k£ on a
penalized day
V; = capacity of a particular unit j
wn"(s¢,,, ) = lower bound on the amount of product s¢,, pro-
duced in process k on a normal day
w(s2,,,) = maximum amount of product s¢,, produced in

out

process k over the planning time horizon
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